Abstract: This work intends to present a study on relations between a Lie algebra called dispersion operators algebra, linear canonical transformation and a phase space representation of quantum mechanics that we have introduced and studied in previous works. The paper begins with a brief recall of our previous works followed by the description of the dispersion operators algebra which is performed in the framework of the phase space representation. Then, linear canonical transformations are introduced and linked with this algebra. A multidimensional generalization of the obtained results is given.
Introduction
The present work can be considered as a part of a series of studies concerning phase space, linear canonical transformation and quantum theory that we have started and performed in our previous works [1] , [2] . Through history and scientific literature, it can be remarked that the description of phase space in quantum theory and related problems like study of canonical transformations are among of the most interesting subjects. We may quote many works since the beginning of quantum physics and until nowadays; for instance we have [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] . A well known approach to tackle these problems is based on the utilization of the Wigner distribution but other approaches may be also considered. Our work is in this framework.
Through all the paper, we use the natural system of units in which the light speed ܿ and the reduced Planck constant are set to unity (ܿ ൌ 1 , ൌ 1). We use also bold faced letter to denote operators and normal letter for the eigenvalues.
The matricial and tensorial notations used in the section 4 are those of the reference [15] .
The main result that we have obtained from [1] was the establishment of a phase space representation of quantum mechanics which takes into account the uncertainty relation. It is based on the introduction of quantum states, These functions were introduced and used in our previous works [1] , [2] , [16] . Explicitly we have
As usual ‫ܪ‬ is the Hermite polynomial of degree ݊. ‫ݔ∆‬ ൌ ࣵ , ‫∆‬ ൌ ࣶ, ࣛ ൌ ሺ∆‫ݔ‬ሻ ଶ ൌ ሺࣵሻ ଶ ൌ and ࣜ ൌ ሺ∆‫‬ሻ ଶ ൌ ሺࣶሻ ଶ satisfying the relations
The state |݊, ܺ, ܲ, ࣶ〉 is the eigenstate of the coordinate and momentum dispersion operators and respectively with the eigenvalues ሺ2݊ 1ሻሺࣶሻ ଶ and ሺ2݊ 1ሻሺࣵሻ ଶ . If we denote respectively and the momentum and coordinate operators [1] , [2] , [17] we have [1]
|݊, ܺ, ܲ, ࣶ〉 ൌ ሺ2݊ 1ሻሺࣵሻ ଶ |݊, ܺ, ܲ, ࣶ〉 ൌ ሺ2݊ 1ሻࣛ|݊, ܺ, ܲ, ࣶ〉 ሺ8ሻ
In our work [2] , it was remarked that a link may be established between linear canonical transformation and the phase space representation of quantum mechanics. In the present work, we show that this link can be described properly with the introduction of a Lie algebra that we may call dispersion operators algebra. This Lie algebra is generated by the dispersion operators and some other operators related to them. We have remarked during the design of the present work that operators analogous to these operators have been already introduced and studied previously in various works on linear canonical transformation [18] . As mentioned, our main contribution in this paper is the exploitation of some properties of these operators in the introduction of the dispersion operators algebra to describe properly the relations that can be established between this algebra, the phase space representation and linear canonical transformation. We introduce also a generalization of the results for the case of multidimensional theory.
Dispersion Operators Algebra

Definitions and properties
Let us consider the three hermitian operators
Using the commutation relation of and ,ሾ, ሿ ି ൌ ݅, we can deduce the following commutation relations
Let be the complex vectorial space generated by the linear combination
of the three operators Ն ା , Ն ି and Ն ൈ with ߣ, ߤ, ߥ three complex numbers. It can be deduced easily form the relation (10) that is a complex Lie algebra of three dimensions. For any two elements
is also an element of . The Lie algebra may be called dispersion operators algebra.
For future use and convenience, we introduce the following operators
The following relations can be deduced
We may remark that the sets
are also four basis of the dispersion operators algebra .
We have the following commutation relations
We may define the operators
The set ሼՆ ା , Ն ି , Ն ൈ ሽ is also a basis of the dispersion operator algebra .It may be deduced easily from the commutation relation of Ն ା , Ն ି and Ն ൈ that Ն ା , Ն ି and Ն ൈ satisfy to the following commutation relations
And we have
Representation of the dispersion operators algebra over the state space of a particle
To define a representation of the dispersion operators algebra over the state space ࣟ of a particle, we have to find the matrix representation of the three operators Ն ା , Ն ି and Ն ൈ in a basis of ࣟ. It is obvious that an adequate basis is the basis ሼ|݊, ܺ, ܲ, ࣶ〉ሽ composed by the eigenstates of the momentum dispersion operator Ն ା Ն ା |݊, ܺ, ܲ, ࣶ〉 ൌ ሺ2݊ 1ሻࣜ|݊, ܺ, ܲ, ࣶ〉 ሺ25ሻ Ն ା is represented by a diagonal matrix with elements equal to ሺ2݊ 1ሻࣜ.
Now we have to find the expressions of Ն ି |݊, ܺ, ܲ, ࣶ〉 and Ն ൈ |݊, ܺ, ܲ, ࣶ〉. We consider the relation
Let us first search for the expression of ࢠ ି |݊, ܺ, ܲ, ࣶ〉 and ࢠ ା |݊, ܺ, ܲ, ࣶ〉. From the commutation relation ሾࢠ ି , ࢠ ା ሿ ି ൌ 1 we can deduce the relation
and the commutation relations
Then from the relations (27) and (28), it may be deduced after lengthy but straightforward calculations that 
Definitions and properties
In quantum mechanics, a linear canonical transformation can be defined as a linear transformation mixing the coordinate operator and the momentum operator and leaving invariant the commutator ሾ, ሿ ൌ ݅ [2] . As and are linked with the operators and through the linear relations (12), we may also take a definition of linear canonical transformation as linear transformation mixing and
where ′and ′are the new coordinate and momentum operators resulting from the transformation. If we have a linear canonical transformation, we must have
ሾ′, ′ሿ ൌ ሾ, ሿ ൌ ݅ ሺ37ሻ
So taking into account the relation (36), we must have
ሾ′, ′ሿ ൌ ሾ′, ′ሿ ൌ ሾ, ሿ ൌ ݅ ൌ ሾ, ሿ ሺ38ሻ
Then in our case the full definition of the linear canonical transformation is
The last condition ሾ′, ′ሿ ൌ ሾ, ሿ ൌ ݅ leads to the relation
If we consider real linear canonical transformation (the parameters Π, Λ, Ξ and Θ are real) the relation (40) means that the matrix ቀ Π Ξ Θ Λ ቁ is an element of the special linear group ܵ‫ܮ‬ሺ2, Թሻ. We may write it in the form
with ࣧ an element of the Lie algebra েীሺ2, Թሻ of the Lie group ܵ‫ܮ‬ሺ2, Թሻ, we have
Then, for an infinitesimal linear canonical transformation, we have
Unitary representation and relation with dispersion operators
As the linear canonical transformation is a transformation which affects quantum operators, we may represent it by an unitary transformation
where is a unitary operator which can be considered as acting in the state space ࣟ of a particle. It may be verified that the commutator ሾ, ሿ ൌ ݅ is invariant under the unitary representation defined in (45) as expected for a linear canonical transformation
It can be shown that may be written in the form
ൈ is an element of the dispersion operators algebra and ߠ ା , ߠ ି , ߠ ൈ three real numbers. In fact, for an infinitesimal transformation, we have
Then it can be deduced from (45) that
Taking into account the relations (23) and (24), we obtain
identifying the relations (44) and (49) it is deduced
So briefly, we have for a linear canonical transformation
The unitarity of results from the hermiticity of the operators Ն ା , Ն ି and Ն ൈ .
Transformation law of the basis ሼՆ ା , Ն ି , Ն ൈ ሽ of the dispersion operators algebra
Taking into account the relation (14) and (21), we may define the operators
Taking into account the relations (51), we obtain
4 Multidimensional Generalization
Dispersion Operators Algebra
Let and be respectively the momentum and coordinate components [1] . They obey the commutation relation ൣ , ൧ ି ൌ ݅ߜ . We may generalize the operators Ն ା , Ն ି , Ն ൈ by the following tensor operators
in which ࣜ ఓఔ are the components of the momentum dispersion-codispersion tensor [1] . Let ߟ ఓఔ be the components of the symmetric bilinear form ߟ associated with the considered space. For the case of a general ܰ-dimensional pseudoEuclidian space, if ሺܰ ା , ܰ ି ሻ is the signature of ߟ ሺܰ ା ܰ ି ൌ ܰሻ , we have
for instance, in the case of Minkowski space, the signature of ߟ is ሺ1,3ሻ. So we have
If we introduce the operators and defined by the relations
with ࣵ and ࣶ verifying the relations
(ߜ being the components of the Kronecker's symbol ) we obtain
If we define also the operators
We have
From the commutation relation ൣ , ൧ ି ൌ ݅ߜ we may deduce the following commutators ൣ , ൧ ି ൌ ݅ߟ ఓఔ
Linear Canonical Transformations
We may define the linear canonical transformation as the linear transformation given by the relation
and which leave invariant the canonical commutation relations
we obtain the following conditions
If the signature of ߟ is ሺܰ, 0ሻ , it is equal to the ܰ ൈ ܰ identity matrix ߟ ൌ ‫ܫ‬ ே (case of Euclidian space), the relation (79) become
according to this relation the 2ܰ ൈ 2ܰ matrix ቀ Π Ξ Θ Λ ቁ is in this case a symplectic matrix i.e an element of the symplectic group ‫ܵ‬ ሺ2ܰሻ. We may generalize this result for the general case of pseudo-Euclidian space i.e with ߟ having a signature ሺܰ ା , ܰ ି ሻ : in that case, we may call a matrix ቀ Π Ξ Θ Λ ቁ verifying the relation (79) a pseudosymplectic matrix and their set the pseudo-symplectic group. We may denote this Lie group ‫ܵ‬ ሺ2ܰ ା , 2ܰ ି ሻ and its Lie algebra েৄሺ2ܰ ା , 2ܰ ି ሻ. The matrix ቀ Π Ξ Θ Λ ቁ can be written in the form
൰ is an element of the Lie algebra েৄሺ2ܰ ା , 2ܰ ି ሻ, we have
It can be deduced easily from the relation (82) that the matrix ࣧ and his transpose ࣧ ௧ are of the form
If we introduce the parametrization ൝ ࣧ ଵ ൌ ߟࣲ ࣧ ଶ ൌ ߟࣳ ࣧ ଷ ൌ ߟࣴ ሺ84ሻ
We obtain for ࣧ and ࣧ Then for an infinitesimal linear canonical transformation, we have
Conclusions
The results obtained in the sections 2 and 3 show that the introduction of the dispersion operators algebra permits to perform a natural and well description of the link which can be established between the phase space representation of quantum mechanics and linear canonical transformation. This link is a consequence of the existence of relationship between dispersion operators and the phase space representation on one hand and dispersion operator algebra and linear canonical transformation on the other hand. The phase space representation is built with the eigeinstates |݊, ܺ, ܲ, ࣶ〉 of dispersion operators; linear canonical transformation can be represented using the dispersion operators algebra. The relations (32), (33) and (53) allows to conclude that a right way to describe and to represent linear canonical transformation over state space in framework of quantum mechanics is to use the basis ሼ|݊, ܺ, ܲ, ࣶ〉ሽ. The calculations performed in the section 4 show that these main results obtained for the case of one dimension quantum mechanics may be generalized in the case of multidimensional theory.
The results that we have established in this paper may have many interesting applications in various scientific and technical fields.
